The role of the conformal factor was analysed in two gauge-invariant perturbative formulations.
I. INTRODUCTION
To describe the evolution of the universe near the Planck time, the semiclassical approach, as is well known [2] , is not useful because it is necessary to take into account higher than 1-loop contributions to the effective action. There are also conceptual problems when only the matter field is quantized; for example, it can be shown [3] by gendanken experiments that Heisenberg's uncertainty principle is violated. An early attempt to quantize the gravitational field was performed in [4] . There, only one degree of freedom of gravity is quantized; the conformal factor. The goal of quantum gravity is to give a probabilistic description of the evolution of the universe. Then it is necessary to find the probability amplitude to reach a 3-geometry (3) G 2 , at the hypersurface Σ 2 , from another initial (3) G 1 , at the hypersurface Σ 1 . The amplitude is denoted by the kernel K which is formally written as the Feynman functional integral
In general, the path integral must be performed over all the geometries that satisfy the boundary conditions. Since this is technically impossible, some restrictions are introduced.
In [4] only the metrics produced by a conformal transformation of the initial flat metric are considered. As is stressed in [5] the physical meaning of that approach is to restrict the metrics to those that preserve the invariance of the causal relation between two spacetime points, because the global lightcone structure of a spacetime is preserved in a conformal fluctuation. Also some phenomenological advantages are obtained with that approach, compared to the standard cosmology. It is an alternative approach to the inflationary model, and it gives an explanation of the flatness and the initial singularity problems. In [4] it is shown that the quantization of the conformal degree of freedom is enough to eliminate the initial singularity of the classical solution of Einsteins equations. In [6] it is shown that when the universe is created through quantum conformal fluctuations, from the Minkowski space, a 'fine tuning' of the initial conditions is not necessary. In [7] the conformal factor is quantized as a perturbation of the Friedmann-Robertson-Walker (FRW) metric and the Wheeler-De Witt equation is obtained, after that the semiclassical limit is performed to obtain the adiabatic approximation. With respect to the physical meaning of the conformal degree of freedom in these papers it is argued that it has the same physical status as the scale factor (or the lapse function in the ADM formalism). In a more recent paper [8] , the conformal perturbations play the role of seeds in the structure formation. On the other hand, the energy-momentum contribution to Einsteins equations coming from the conformal factor is analogous to a scalar field with negative energy. This behaviour leads to a link with thermo-field dynamics (TFD) (see [9] ). In that context the quantum conformal perturbations can be interpreted as the quantum fluctuations of a thermal reservoir (tilde modes in TFD) (see [10] ). The structure of the Hamiltonian allows us to also relate the conformal perturbations with the theory of canonical quantum dissipative systems [11] .
However, a strong criticism appears in the context of a rigorous gauge-invariant perturbation theory [1] , when one considers the conformal perturbations as physical degrees of freedom. The object with physical meaning (gauge invariant), related to the conformal perturbation, is a combination of matter-field perturbations and the conformal perturbation. The conformal fluctuation by itself, as we will show later, has no physical meaning.
A similar conclusion can be obtained in the quantum gravity context, when a homogeneous and isotropic background is used in a minisuperspace formalism with gauge-invariant perturbations of the metric [12] . These theories are not totally covariant because one particular reference system is assumed at the beginning (the one in which the universe is homogeneous and isotropic), but all the perturbations are considered in a gauge-invariant way.
The organization of this paper is as follows. In section 2 a brief review of the necessary aspects of the linearized cosmological perturbation approach is given. In section 3 this theory is applied to the conformal perturbations and their non-physical nature is shown. In section 4 a brief review of the gauge-invariant perturbation formalism in quantum gravity is given. In section 5 the physical impossibility of having isolated conformal perturbations is shown, due to the incompatibility with the dynamical equations. Finally, in section 6 the main conclusions are given.
II. REVIEW OF THE LINEARIZED GAUGE-INVARIANT PERTURBATION

THEORY
From the paper of Mukhanov et al [1] , concerning the theory of cosmological perturbations, we can see the gauge-invariant linearized perturbation formulation. In that approach it is assumed that the perturbations of the spacetime are small deviations of a homogeneous and isotropic spacetime. As is stressed in [1] we must take into account that not all the perturbed metrics correspond to perturbed spacetimes. It is necessary to distinguish between the changes in the metric due to physical (geometrical) perturbations and those produced by an arbitrary choice of coordinates.
We will show in detail the perturbation of the FRW metric. In our case the background is given by
or
The perturbed metric is
where the most general scalar perturbation can be written in the form
From equations (4) and (3) the line element is
where the functions φ, ψ, B and E give us the deviation with respect to the background metric.
Let us now perform a new perturbation, but due only to a change of coordinates. The most general change of coordinates that preserves the scalar nature of the metric fluctuations
where ξ 0 and ξ are two independent functions of the coordinates. Then the change in δg αβ is δg αβ → δḡ αβ = δg αβ + ∆g αβ
where
is the Lie derivative in the direction of the vector ξ .
Then in the perturbed metric the line element is
where ( 
Einsteins equations with matter content are also perturbed, giving a set of equations for the background and another set for the gauge-invariant perturbations. We begin with the unperturbed action in a Robertson-Walker metric, which is given by
Here, it is assumed that V (ϕ) depends only on ϕ, therefore the coupling with the curvature must necessarily be zero. Then we can describe with this a minimally coupled massive field or also a λϕ 4 theory.
Due to the fact that a homogeneous and isotropic universe, with small scalar metric perturbations, is considered, the scalar field must also be approximately homogeneous and can be decomposed into the form ϕ(x, t) = ϕ 0 (t) + δϕ(x, t).
The background Einstein equations are
where H ≡ a ′ /a and l 2 ≡ 8πG/3.
In the theory of cosmological perturbations one considers up to second-order perturbation in the action
In the paper by Mukhanov et al [1] (we will refer to this paper as the MFB approach)
the gauge-invariant function is also introduced
Rewriting equation (15) with explicit gauge invariance we have
In terms of v, dropping the surface terms, the perturbation of the action can be written as
where the physical object, analogous to the electric or magnetic fields in electromagnetism, is v. This object will play the role of the field in a quantum field theory. Although equation
(18) has a gauge-invariant form, it is not a covariant expression, as z ′′ /z is not covariant.
III. THE CONFORMAL PERTURBATION AND THE MFB APPROACH
A general scalar perturbation of the metric can be written in the form given by equation (4), and the line element for the background and scalar metric perturbations is represented by equation (5) . In particular, we now assume a conformal transformation given by
If we consider u as a perturbation, to first order we can write
For this case the line element is
From the comparison of the latter equation with equation (5), we obtain the following conditions:
with M a scalar function of the coordinates.
Moreover, to complete the identification, u must satisfy
and also
From equations (22) and (23), and the condition on B, we obtain the following equations, which give us the conformal perturbation conditions (CPC):
Equations ( 
In one particular gauge (longitudinal) the last term disappears and the function v shows a breaking of the gauge invariance, due to the dependence on u of the second term on the right-hand side of equation (25).
As we can see from equation (25) it is not possible to obtain gauge-invariant conformal perturbations, while the situation is different for the matterfield perturbation, because when the background ϕ 0 is not time dependent, as we can see from equation (17), the field perturbation is gauge invariant. It is also important to note that when the quantization is performed usually [2] the background of the field is zero. In that case, as we see from equation (25), the conformal perturbation disappears. Then we can say that this perturbation is pure gauge. This result will be obtained again in the context of quantum gravity. We can also see from equation (25) that it is not possible to isolate the conformal perturbation as a gauge-invariant degree of freedom, therefore that object does not have a physical meaning.
IV. REVIEW OF THE GAUGE-INVARIANT PERTURBATION THEORY IN QUANTUM GRAVITY
In the formulation given by Halliwell and Hawking [12] the quantum state of the universe is described by a wavefunction defined by a path integral on a finite-dimensional space called minisuperspace. That is considered a compact 3-surface S introducing a coordinate t so that S is the surface t = 0. For that foliation of the spacetime, the metric takes the form
with N the lapse function and N i the shift vector. The 3-geometries obtained as a perturbation of the FRW metric are considered in the path integral. Then, if equation (26) describes the perturbed metric, the function h ij has the form
and
in harmonic coordinates.
ǫ ij is the perturbation, which in general form is written as In terms of these harmonics we can write the lapse and shift functions as
where a(t) = exp α . In the following explanation we will use the reduced notation without indices. In this formulation the coefficients of the expansion of equation (28) and α are independent variables, with conjugate momenta Π α = ∂L/∂α, Π dn = ∂L/∂ḋ n , etc.
Following [12] strictly, we can now write the action in the form
obtaining the Hamiltonian
We can see the explicit expression of each term in [14] . 
Equation (30) 
V. CONFORMAL PERTURBATIONS IN THE GAUGE-INVARIANT PERTUR-BATION FORMALISM OF QUANTUM GRAVITY
We will now use [13] . In this paper the relations between the coefficients of the spherical harmonic used in [12] and the functions introduced in [1] are shown. Those relations are
0 is equivalent to B = E = 0 and the line element, replacing in equation (9), has the form
From equation (32), for the conformal perturbations it is g n = a n .
We will now see that the relation (33) is incompatible with the dynamics of the fluctuations which is deduced from the Wheeler-De Witt equations.
The equations that give us the dynamics of the classical variables (background) and the fluctuations, can be obtained as an extremum of the action:
where I 0 corresponds to the unperturbed system, φ the matter field,
and I n to the perturbations
the expressions of L n g and L n m may be found in [12] (equations (B4) and (B5)). The variation of I with respect to b n gives us the equation (see [13] , equation (A8)):
Imposing at this level again the condition b n = k n = 0 for any time (therefore the derivatives are also null), from equation (36) we find It is interesting to comment on the relation with the work of Wada [14] . There it is shown that in pure gravity the tensor perturbations (the gravitons) are the only physical degrees of freedom. The Wheeler-De Witt equations can be written as
In [14] the following change of variable is introduced:
With this transformation all the constraint equations are satisfied automatically and the resulting Wheeler-De Witt equation is
where H |0 is the background Hamiltonian and
Then all the scalar perturbations disappear with an appropriate gauge. This is coincident with the fact that the gravitons are particles of spin two. Therefore, this confirms that the conformal perturbation is pure gauge.
On the other hand, as shown in [15] , it is not possible to eliminate totally the scalar degrees of freedom coming from the perturbation of the metric, when a scalar field, as matter content, is present. This is also coincident with the result obtained in the MFB approach.
VI. CONCLUSIONS
In the context of the linearized gravitational perturbation [1] , when we consider only conformal fluctuations of the metric and the perturbations of a matter scalar field, it turns out to be impossible to separate both perturbations, as physically independent contributions, by means of a particular gauge, except when the background of the matter field is a constant (ϕ ′ 0 = 0). However, in that case the conformal perturbation disappears. Therefore, the conformal perturbation is 'pure gauge'. It is interesting to show the value of the scale factor for the last example. From the background equations we have
but when ϕ ′ 0 = 0, the solution of the background is the inflationary universe a(t) ∝ e αt , and v = aδϕ (gi) . For some particular value of α this field can have a behaviour analogous to a massless scalar field, because for this example m ef = a 2 (m 2 − α 2 ).
In the context of quantum gravity with the 3-geometries coming from the gauge-invariant perturbations of a FRW-like background metric, we obtain an inconsistency with the dynamical equations, when the restriction of having only conformal perturbations is imposed.
Moreover, in [14] it is shown that the perturbation contribution in pure gravity is tensorlike (gravitons). Therefore, also in this context the non-physical nature of the conformal perturbation is proved.
A slightly different approach to the one used by MFB, for the treatment of gauge-invariant perturbations was used in [16] . The main difference is that these authors perform a gaugeinvariant perturbation on the energy density and the number of created particles, instead of on the energy-momentum tensor and the Einstein tensor, as in the MFB approach. In [16] the dynamical equation for the gauge-invariant perturbation is identical to Poisson's equation of the Newtonian theory, while the MFB approach differs in terms that are multiplied by the expansion velocity of the universe. Both approaches clearly coincide when we come closer to the actual universe, because the expansion is produced slowly (ȧ ∼ t −1/3 actual ). However, none of the approaches used in [16] is in conflict with our results, because the perturbations are separated into three independent groups: gravitational waves (tensorial perturbations), rotational perturbations (vectorial perturbations) and perturbations on the energy density (scalar perturbations). Therefore, the existence of scalar perturbations is only related to the presence of the matter field. Any other kind of scalar perturbations is pure gauge. Therefore, also in this representation there is no place for the conformal perturbations.
In [6] , as we mentioned in the introduction, this study is based on the quantization of gravity without matter, by means of the path-integral technique on a set of metrics. Those metrics are only those obtained by conformal transformations from a background classical metric. The conformal factor is treated as a quantum variable. Therefore, non-physical paths are considered in the integral and therefore the conclusions are not physically relevant. The physical object to quantize, instead of the conformal mode, is the field 'v ′ given by equation (16) . That quantization is performed in [1] , where a fluctuation spectrum in agreement with the observational data is obtained. The same quantization as in [6] is used in [4] , however, it would be interesting to repeat the reasoning, in a forthcoming paper, using gauge-invariant perturbations instead of conformal ones. It is possible that a similar behaviour to that obtained in [4] , near the singularity, can be obtained, due to the fact that the functional form of the retarded Green function is in our case also related to a Klein-Gordon-like operator.
performed, then not all the Einstein equations are considered, so the dynamics is taken into account in an incomplete way. Moreover, as the conformal fluctuations are non-physical degrees of freedom it is meaningless to think about those fluctuations as seed perturbations of the universe. However, it would be interesting to study whether that role can be played by the gauge-invariant fluctuations of the metric using the formalism of [1] . The non-physical behaviour of the conformal degree of freedom is related to the fact that it is not possible to add in an ad hoc way a new scalar degree of freedom to the metric tensor. All the physical changes can be produced if the tensorial nature is not affected. Then only tensorial perturbations are related to pure gravity, as is shown in [14] . We can think that the scalar field introduces some characteristic length in the universe such as an 'elemental particle radius', while in pure gravity the conformal perturbation is a mere change of scale.
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